An analytical approach, based on the unitary transformation method, has been developed to study the effect of quantum lattice fluctuations on the ground state of a model electron-phonon system. To study nonadiabatic case, the Green's function method is used to implement the perturbation treatment. The phase diagram and the density of states of fermions are obtained. We show that when electron-phonon coupling constant α 2 /K decreases or phonon frequency ω π increases the lattice dimerization and the gap in the fermion spectrum decrease gradually. At some critical value the system becomes gapless and the lattice dimerization disappears. The inverse-square-root singularity of the density of states at the gap edge in the adiabatic case disappears because of the nonadiabatic effect, which is consistent with the measurement of optical conductivity in quasi-one-dimensional systems.
Introduction
energy of electrons between neighboring two orbitals, α is the electron-phonon coupling constant, K is the elastic constant and M the mass of ions (throughout this paper we set h = k B = 1). We will show that, at least for the spinless case, this model is the same as the Holstein model in the adiabatic limit (M → ∞) but may be similar to the SSH model in the antiadiabatic limit (M → 0).
Within the adiabatic mean-field approximation, that is, treating the phonon degrees of freedom classically, the model can be solved easily. In the half-filled-band case, the system undergoes a Peierls instability and the ground state is dimerized with an energy gap at the Fermi points k = ±π/2 [8] . However, this approach is questionable and it has been shown that the quantum lattice fluctuations must be taken into account to satisfactorily describe some physical properties of quasi-one-dimensional systems [9] . Generally speaking, the quantum lattice fluctuations may decrease the CDW order parameter [10, 11] . As the density of states (DOS) is concerned, the results of adiabatic approximation have inverse-square-root singularity at the gap edge. By considering the quantum lattice fluctuations, the singularity at the gap edge may disappear [12] . The relationship between Peierls distortion and phonon frequency in the range from ω π = 0 to ω π → ∞ should be studied for understanding the physical properties of electron-phonon interactions in nonadiabatic case.
In Hamiltonian (1) the operators of lattice modes, u l and p l , can be expanded by the phonon creation and annihilation operators b † −q and b q , and after Fourier transformation the H becomes
where ǫ k = −2t 0 cos k is the bare band function, N is the total number of sites. The dispersionless phonon frequency ω π = K/M and the coupling function g(
Effective Hamiltonian
In order to take into account the fermion-phonon correlation, an unitary transformation is applied to H,
where the generator S is
Here we introduce a function δ(k ′ , k) which is a function of the energies of the incoming and outgoing fermions in the fermion-phonon scattering process. We divide the original 
The first-order terms in H ′ are
Note that the ground state |g 0 of H 0 , the non-interacting system, is a direct product of a filled fermi-sea |F S and a phonon vacuum state |ph, 0 [13] :
Applying the first-order terms on |g 0 we get
since b q |ph, 0 = 0. As the band is half-filled the Fermi energy ǫ F = 0. Thus c † k+q c k |F S = 0 only if ǫ k+q ≥ 0 and ǫ k ≤ 0. So, we have
if we choose
This is nothing but making the matrix element of H 1 + [S, H 0 ]between |g 0 and the lowestlying excited states vanishing. Thus the first-order terms, which are not exactly canceled after the transformation, are related to the higher-lying excited states and should be irrelevant under renormalization [13] .The second-order terms in H ′ can be collected as follows:
δ k ′ ,k+q is the Kronecker δ symbol. All terms of higher order than α 2 will be omitted in the following treatment.
For the dimerized state, the neighboring atoms move in opposite directions. To take into account the static phonon-staggered ordering [12] , we make a displacement transformation
Here
and exp(R) is a displacement operator:
Applying the transformation on phonon annihilation operator, we get
If the ground state of H is |g , then the ground state ofH is |g
We assume that for |g ′ the fermions and phonons can be decoupled: |g
where |f e is the ground state for fermions. After averagingH over the phonon vacuum state we get an effective Hamiltonian for the fermions,
where
We find by means of the variational principle that the dimerized lattice displacement ordering parameter is
Note that in the adiabatic limit where ω π = 0 one has δ(k ′ , k) = 0 and H ef f goes back to the adiabatic mean-field Hamiltonian,
This is the same as the adiabatic mean-field Hamiltonian for the dimerized Holstein model [13] .
On the other hand, in the antiadiabatic limit where ω π → ∞, we have u 0 = 0, δ(k ′ , k) = 1 , and H ef f becomes
Returning to the real space, this Hamiltonian is
For the spinless case, the on-site interaction disappears because of the Pauli principle and this is the antiferromagnetic XXZ model (through Jordan-Wigner transformation) [11] . The situation is very similar to the spinless SSH mode in the large ω π limit [4] . XXZ model can be solved exactly and there exists a transition point at α 2 /2K = t 0 [14] . For the spin- Our effective Hamiltonian works well in the ω π = 0 and ω π → ∞ limits and, furthermore, for the spinless case H ef f can be solved exactly in both limits. In this work we concentrate on the nonadiabatic effect due to finite phonon frequency ω π in the spinless case because we have the exact solutions in the two limits. The last term in H ef f is a four-fermion interaction.
As we are dealing with a one-dimensional system, how to treat the four-fermion interaction is a difficult problem. Since the case for the small ω π , ω π ≤ 2t 0 , is very different from that for the large ω π , ω π > 2t 0 , we treat H ef f in these two cases with different methods.
3 ω π < 2t 0
In this case the four-fermion term goes to zero as ω π → 0, so it can be treated as a perturbation and the unperturbed Hamiltonian is
The four-fermion term can be re-written as
We can distinguish between different physical processes. The first term in Eq. (24) is the forward scattering one, the second is the backward scattering one, and the last is the Umklapp scattering one. We use the Green's function method to implement the perturbation treatment and it is more convenient to work within a two-component representation,
Thus we have
and the Hamiltonian becomes
σ β (β = x, y, z) is the Pauli matrix. The matrix Green's function is defined as (the temperature Green's function is used and at the end let T → 0)
The Dyson equation is
is the unperturbed Green's function. The self-energy Σ * (k, ω n ) can be calculated by the perturbation theory,
In the perturbation calculation we have taken into account the fact that the forward and backward scattering terms contribute nothing to the "charge" gap [15, 16] . From Eq. (32) one can get that Σ * (k, ω n ) is irrelative to ω n , therefore the spectrum structure of G(k, ω n ) should be
From G(k, ω n ) the fermionic spectrum in the gapped state can be derived
The renormalized band function and the gap function are
Where
The equation to determine u 0 is 1 = 4α
In nonadiabatic case u 0 is a variational parameter and cannot be measured by experiment or Monte Carlo simulation. The quantity which can be measured is the phonon-staggered ordering parameter m p ,
These are basic equations for the ω π < 2t 0 case. If ω π = 0 we have δ(k ′ , k) = 0 and c = 1, Eq.(39) becomes the same as that in the adiabatic theory. 
This is the true gap in the fermionic spectrum.
From Eq.(39), let u 0 = 0, we get the self-consistent equation of phase transition points
The density of states(DOS) of fermions is
where, k = f (ω) is the inverse function of ω = E 2 (k) + ∆ 2 (k). 4 ω π > 2t 0
In this case H ef f can be re-written as
According to Eq.(22), when ω π → ∞, the effective Hamiltonian includes only electronelectron interactions of on-site and nearest-neighbor. Therefore, we treat the terms of on-site and nearest-neighbor interactions as the unperturbed Hamiltonian and the others as perturbation because they go to zero when ω π → ∞. In real space, the unperturbed Hamiltonian is
(45) is the antiferromagnetic XXZ model and can be solved exactly [11] . The result of Yang-Yang shows that there exists a transition point at[14] 
One can see that, although the formula is very simple, the interpolated result is, at least, qualitatively correct.
Conclusions
The effects of quantum lattice fluctuations on the ground state of a model electron-phonon system are studied through an analytical approach. Our results show that when the electronphonon coupling constant α 2 /K decreases or the phonon frequency ω π increases the lattice dimerization and the gap in the fermion spectrum decrease gradually. At some critical value, the system becomes gapless and the lattice dimerization disappears. A phase diagram in the α 2 /K ∼ ω π plane and the density of states of fermions are derived. The inverse-squareroot singularity of DOS at the gap edge in the adiabatic case disappears because of the nonadiabatic effect, which is consistent with the measurement of optical conductivity in quasi-one-dimensional systems.
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